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We develop the Ginzburg–Landau theory of the upper critical field in the basal plane of a tetragonal
multiband metal in two-component superconducting state. It is shown that typical for the two-component
superconducting state, the upper critical field basal plane anisotropy and the phase transition splitting still exist
in a multiband case. However, the value of anisotropy can be effectively smaller than that in the single band
case. The results are discussed in the application to the superconducting Sr2RuO4.
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I. INTRODUCTION

The tetragonal compound Sr2RuO4 is an unconventional
superconductor �see review1�. It reveals properties typical for
non-s-wave Cooper pairing: the suppression of supercon-
ducting state by disorder,2 the presence of zeros in the super-
conducting gap discovered by the magnetothermalconductiv-
ity measurements,3,4 and the odd parity of the
superconducting state in respect of reflections in the �a ,c�
plane established by the Josephson interferometry method.5

All these properties are equally possible for single or multi-
component order parameter superconducting state.

Other important observations demonstrate the appearance
of spontaneous magnetization or time-reversal symmetry
breaking in the superconducting state of this material. These
are �i� the increase of �SR zero-field relaxation rate,6 �ii� the
hysteresis observed in field sweeps of the critical Josephson
current,7 and �iii� the Kerr rotation of the polarization direc-
tion of reflected light from the surface of a superconductor8

�for the theoretical treatment, see Refs. 9 and 10�.
A superconducting state possessing spontaneous magneti-

zation is described by the multicomponent order parameter.11

In a tetragonal crystal, the superconducting states with two-
component order parameters ��x ,�y� corresponding to sin-
glet or to triplet pairing are admissible.11 In application to
Sr2RuO4, the time-reversal symmetry breaking form of the
order parameter ��x ,�y�� �1, i� has been proposed first in
Ref. 12.

The specific properties for the superconducting state with
two-component order parameter in a tetragonal crystal under
magnetic field in basal plane are �i� the anisotropy of the
upper critical field13–15 and �ii� the splitting of the phase tran-
sition to superconducting state in two subsequent
transitions.11 Both of these properties should manifest them-
selves starting from the Ginzburg–Landau temperature re-
gion T�Tc but until now there is no experimental evidence
for that. The in-plane anisotropy of the upper critical field
has been observed only at low temperatures,16 where it is a
quite well known phenomenon for any type of superconduc-
tivity originating from the Fermi surface anisotropy.

Theoretically in application to Sr2RuO4, these properties
have been investigated by Agterberg and co-workers.17,18

They have found that one particular choice of the basis func-
tions of a two-dimensional irreducible representation for a
tetragonal point group symmetry is appropriate for the elimi-

nation of the basal plane upper critical field anisotropy but at
the same time the considerable phase transition splitting oc-
curs. Vice versa, another particular choice of the basis func-
tions almost eliminates the phase transition splitting for one
particular field direction but keeps the basal plane upper
critical field anisotropy. Thus, the basal plane upper critical
field properties seem incompatible with the multicomponent
order parameter structure dictated by the experimental obser-
vations manifesting the spontaneous time-reversal breaking.

All the mentioned theoretical treatments of Hc2 problem
have been undertaken for the two-component superconduct-
ing state in a single band superconductor. On the other hand,
in Sr2RuO4, we deal with three bands of charge carriers.1

Hence, the formation of multiband superconducting state is
quite probable. A microscopic theory of such a state was
proposed in Ref. 19.

Here, we apply the Ginzburg–Landau equations for the
multiband and multicomponent superconducting states in a
superconductor with tetragonal symmetry to the basal plane
upper critical field calculation. The coefficients in the
Ginzburg–Landau equations obtained in the frame of weak
coupling BCS theory are given.

It will be shown that both properties, Hc2 basal plane an-
isotropy and the phase transition splitting, still exist in a
multiband case. However, quantitatively, the value of aniso-
tropy can be smaller than that in the single band case.

II. UPPER CRITICAL FIELD

The order parameter in multiband tetragonal supercon-
ductor with singlet pairing is

��r,k̂� = �
�

�
i

�i
��r��i

��k̂� . �1�

Here, i=x ,y numerates the components of the order param-

eter, � is the band number, and �i
��k̂� are the functions of the

irreducible representation dimensionality 2 of the point sym-
metry group D4h of the crystal in the normal state. Similar
decomposition takes place for the vectorial order parameter
function in triplet state,

d�r,k̂� = �
�

�
i

�i
��r��i

��k̂� . �2�

Although our theory is applicable to the superconductor with
arbitrary number of bands, we shall write all the concrete
results for the two-band situation.
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The system of the Ginzburg–Landau equations for the
multiband multicomponent tetragonal crystal determined by
the symmetry considerations has the form

g���K1
�Di

2� j
� + K2

�DjDi�i
� + K3

�DiDj�i
� + K4

�Dz
2� j

�

+ K5
���xjDx

2�x
� + �yjDy

2�y
�� − ��T�� j

�� + � j
� = 0. �3�

Here,

Di = − i
�

�ri
+

2e

c
Ai�r�

is the operator of covariant differentiation; the Planck con-
stant 	 is taken equal to unity throughout the paper.

The coefficients in these equations can be easily estab-
lished in the frame of weak coupling BCS theory. Following
the derivation given in Ref. 20, we find

� = ln
2
�

�T
,

where ln 
=0,577, . . .. is the Euler constant and � is an en-
ergy cutoff for the pairing interaction. We assume here that it
has the same value for the different bands. The matrix g�� is

g�� = V�����x
��k̂��2N0

��k̂�	 = V�����y
��k̂��2N0

��k̂�	 . �4�

Here, V�� is the matrix of the constants of pairing interac-
tion. The angular brackets mean the averaging over the

Fermi surface and N0
��k̂� is the angular dependent density of

electronic states at the Fermi surface of the band �. The
gradient term coefficients are

K1
� =

���x
��k̂�vFy

� �k̂��2N0
��k̂�	

���x
��k̂��2N0

��k̂�	

�T

2 �
n
0

1

��n�3
,

K2
� =

��x
��k̂���y

��k̂��*vFx
� �k̂�vFy

� �k̂�N0
��k̂�	

���x
��k̂��2N0

��k̂�	

�T

2 �
n
0

1

��n�3
,

K3
� = K2

�,

K4
� =

���x
��k̂�vFz

� �k̂��2N0
��k̂�	

���x
��k̂��2N0

��k̂�	

�T

2 �
n
0

1

��n�3
,

K5
� =

���x
��k̂��2��vFx

� �k̂��2 − �vFy
� �k̂��2�N0

��k̂�	

���x
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�T

2 �
n
0

1

��n�3
,

where �n=�T�2n+1� is the Matsubara frequency and the
components of the Fermi velocity of the band � are given by

vFx
� �k̂�, vFy

� �k̂�, and vFz
� �k̂�. The definition of K� coefficients

accepted here differs from the tradional one17,20 by the terms
in the denominators.

Neglecting the gradient terms and taking the determinant
of the system �Eq. �3�� equal to zero, we obtain the critical
temperature

Tc =
2
�

�
exp�− 1/g� , �5�

where g is defined by

g = �g11 + g22�/2 + 
�g11 − g22�2/4 + g12g21. �6�

The matrix g�� in tetragonal crystal determined by Eq. �4�
has the common value for x and y components of the order
parameter. Hence, the phase transition to superconducting
state occurs at the same critical temperature for all the com-
ponents of the order parameter in all the bands.

In the case of a magnetic field in the basal plane,

H = H�cos �,sin �,0� ,

A = Hz�sin �,− cos �,0� ,

we obtain from Eq. �3�,

g���− �K4
��z + ���ij + h2z2�K1

� + K235
� sin2 � − K23

� sin 2�

− K23
� sin 2� K1

� + K235
� cos2 �



ij
�� j

� + � j
� = 0. �7�

Here, we have introduced notations h=2�H /�0, K23
� =K2

�

+K3
�, and K235

� =K2
�+K3

�+K5
�.

Making use of the orthogonal transformation

�̃p
� = � cos �� sin ��

− sin �� cos �� 

pl

�l
�, tan 2�� =

K23
�

K235
� tan 2� ,

�8�

we obtain

g���− �K4
��z + ���ij + h2z2�bx

� 0

0 by
� 


ij
��̃ j

� + �̃ j
� = 0. �9�

Here,

bx,y
� = K1

� +
K235

� � 
�K235
� cos 2��2 + �K2

� sin 2��2

2
.

�10�

It follows from Eq. �9� that in finite magnetic field, the phase
transition to superconducting state splits on two subsequent

V. P. MINEEV PHYSICAL REVIEW B 77, 064519 �2008�

064519-2



phase transitions. Indeed, the system of equations for the x
components of the order parameter from the different bands
is proved to be independent of the corresponding system for
the y omponents. Hence, they have independent and non-
equal eigenvalues. The corresponding upper critical fields
can be found only numerically. Here, we solve this problem
following a variational approach, which is known to give a
good accuracy in similar cases.21 So, we look for a solution
for the x component of the order parameter in the form

�̃x
� = ��̃x

1

�̃x
2 
 = ��x

�

1/4�Cx

1

Cx
2 
e−�xz2/2. �11�

The similar formula and the following calculations are valid
for the y component of the order parameter.

After substitution of Eq. �11� into Eq. �9�, multiplication
of it by exp�−�xz

2 /2�, and spatial integration, we obtain

g���Ex
� − ��Cx

� + Cx
� = 0, �12�

where

Ex
� =

K4
��x

2 + h2bx
�

2�x
. �13�

The transition field is determined by the condition of vanish-
ing the determinant of the system �Eq. �12��. Particularly, we
are interested in upper critical field behavior near the critical
temperature. Obviously, Ex

��h; hence, it tends to zero at
T→Tc. So, in the vicinity of critical temperature, we receive
after the simple calculations

ln
Tc

T
=

Ex
1�1 + a� + Ex

2�1 − a�
2

, �14�

where Tc is determined by Eq. �5� and

a =
g11 − g22


�g11 − g22�2 + 4g12g21
. �15�

The maximum of critical temperature at nonzero magnetic
field is accomplished at following �x value:

��x�max = h�x
0, �x

0 =
 b̃x

K̃4

, �16�

where

b̃x = bx
1�1 + a� + bx

2�1 − a� , �17�

K̃4 = K4
1�1 + a� + K4

2�1 − a� . �18�

So, after the substitution of Eqs. �13� and �16�–�18� into Eq.
�14�, we obtain

hx,y =
2�1 − T/Tc�

K̃4b̃x,y

. �19�

In the case of single band superconductivity, our varia-
tional solution is exact and we obtain from Eq. �18� dropping
out all the terms with index �=2,

hx,y =
1 − T/Tc


bx,y
1 K4

1
. �20�

So, the situation for the two-band and one-band supercon-
ducting states is characterized by the same properties: the
basal plane anisotropy of the upper critical field correspond-
ing to the largest of two eigenvalues �hy� and two consecu-
tive phase transitions to the superconducting state, first with
y component and with x and y components of the order pa-
rameter.

It is worth noting that in the multiband case due to the
compensation of the different band contributions,17 the actual
value of the anisotropy of Hc2 can be smaller than that in the
one-band situation. The phase transition splitting, however,
still persists in the multiband case. The absence of experi-
mental evidence of this phenomenon argues in support of
one-component superconducting state in Sr2RuO4.

III. CONCLUSION

We have demonstrated that for a two-component super-
conducting state in a tetragonal crystal, the basal plane an-
isotropy of the upper critical field and the phase transition
splitting are inherent properties both for the one-band and
multiband superconductivity. Thus, the experimentally
established16 absence of these phenomena in Sr2RuO4 stays
opposite to the possibility of existence of a two-component
superconducting state in this material.

ACKNOWLEDGMENTS

I am indebted to M. Zhitomirsky, Y. Liu and D. Agterberg
for the discussions of the problem of upper critical field in
the multicomponent multiband superconducting state.

1 A. P. Mackenzie and Y. Maeno, Rev. Mod. Phys. 75, 657 �2003�.
2 A. P. Mackenzie, R. K. W. Haselwimmer, A. W. Tyler, G. G.

Lonzarich, Y. Mori, S. Nishizaki, and Y. Maeno, Phys. Rev. Lett.
80, 161 �1998�.

3 M. A. Tanatar, M. Suzuki, S. Nagai, Z. Q. Mao, Y. Maeno, and T.
Ishiguro, Phys. Rev. Lett. 86, 2649 �2001�.

4 K. Izawa, H. Takahashi, H. Yamaguchi, Y. Matsuda, M. Suzuki,
T. Sasaki, T. Fukase, Y. Yoshia, R. Settai, and Y. Onuki, Phys.

Rev. Lett. 86, 2653 �2001�.
5 K. D. Nelson, Z. Q. Mao, Y. Maeno, and Y. Liu, Science 306,

1151 �2004�.
6 G. M. Luke, Y. Fudamoto, K. M. Kojima, M. I. Larkin, J. Merrin,

B. Nachumi, Y. J. Uemura, Y. Maeno, Z. Q. Mao, Y. Mori, H.
Nakamura, and M. Sigrist, Nature �London� 394, 558 �1998�.

7 F. Kidwingira, J. D. Strand, and D. J. Van Harlingen, Science
307, 1267 �2006�.

IN-PLANE MAGNETIC FIELD PHASE DIAGRAM OF… PHYSICAL REVIEW B 77, 064519 �2008�

064519-3



8 J. Xia, Y. Maeno, P. T. Beyersdorf, M. M. Fejer, and A. Kapit-
ulnik, Phys. Rev. Lett. 97, 167002 �2006�.

9 V. M. Yakovenko, Phys. Rev. Lett. 98, 087003 �2007�.
10 V. P. Mineev, Phys. Rev. B 76, 212501 �2007�.
11 V. P. Mineev and K. V. Samokhin, Introduction to Unconventional

Superconductivity �Gordon and Breach, New York, 1999�.
12 T. M. Rice and M. Sigrist, J. Phys.: Condens. Matter 7, L643

�1995�.
13 L. P. Gor’kov, Pis’ma Zh. Eksp. Teor. Fiz. 40, 351 �1984� �JETP

Lett. 40, 1155 �1984��.
14 L. I. Burlachkov, Zh. Eksp. Teor. Fiz. 89, 1138 �1985� �Sov.

Phys. JETP 62, 800 �1985��.

15 K. Machida, T. Ohmi, and M. Ozaki, J. Phys. Soc. Jpn. 54, 1552
�1985�.

16 Z. Q. Mao, Y. Maeno, S. NishiZaki, T. Akima, and T. Ishiguro,
Phys. Rev. Lett. 84, 991 �2000�.

17 D. F. Agterberg, Phys. Rev. B 64, 052502 �2001�.
18 R. P. Kaur, D. F. Agterberg, and H. Kusunose, Phys. Rev. B 72,

144528 �2005�.
19 M. E. Zhitomirsky and T. M. Rice, Phys. Rev. Lett. 87, 057001

�2001�.
20 V. P. Mineev, Int. J. Mod. Phys. B 18, 2963 �2004�.
21 M. E. Zhitomirsky and V.-H. Dao, Phys. Rev. B 69, 054508

�2004�.

V. P. MINEEV PHYSICAL REVIEW B 77, 064519 �2008�

064519-4


